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Quantile hedging for telegraph markets and its
applications to a pricing of equity-linked life insurance
contracts

Nikita Ratanov
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Universidad del Rosario,

Bogoté, Colombia

Abstract

In this paper we develop a financial market model based on continuous time
random motions with alternating constant velocities and with jumps occurring when
the velocity switches. If jump directions are in the certain correspondence with the
velocity directions of the underlying random motion with respect to the interest rate,
the model is free of arbitrage and complete. Closed form formulas for the option
prices and perfect hedging strategies are obtained.

The quantile hedging strategies for options are constructed. This methodology is
applied to the pricing and risk control of insurance instruments.

JEL Classification: G10, G12, D81
Keywords: jump telegraph model, perfect hedging, quantile hedging, pure endow-
ment, equity-linked life insurance

Resumen

En este documento estd desarrollado un modelo de mercado financiero basado
en movimientos aleatorios con tiempo continuo, con velocidades constantes alter-
nantes y saltos cuando hay cambios en la velocidad. Si los saltos en la direccion
tienen correspondencia con la direccion de la velocidad del comportamiento aleato-
rio subyacente, con respecto a la tasa de interés, el modelo no presenta arbitraje y
es completo. Se construye en detalle las estrategias replicables para opciones, y se
obtiene una presentacion cerrada para el precio de las opciones.

Las estrategias de cubrimiento quantile para opciones son construidas. FEsta
metodologia es aplicada al control de riesgo y fijacion de precios de instrumentos de
SEquros.

Clasificacion JEL: G10, G12, D81
Palabras clave: modelo telegrdfico con saltos, cubrimiento perfecto, cubrimiento
quantile, contribucion pura, sequro de vida unido por equidad
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1. Introduction

Equity-linked life insurance contracts are rather new insurance derivative securities that
combine elements of insurance and financial risks. In traditional life insurance future
liabilities are fixed. Hence, the corresponding risk (under stable interest rates) could be
reduced completely by investments in bonds of the net present value of the fixed amount.
By contrast, the payoffs in equity-linked life insurance contracts depend on the evolution
of the risky asset during a contract period. In these circumstances an insurance company
should try to hedge the corresponding contingent claim working on an incomplete market.

The problem of premium calculations for the equity-linked insurance contracts have
been investigated first by Brennan and Schwartz [6]-[7], Boyle and Schwartz [5]. These
and more recent papers (see e.g., [10], [19]) are based on traditional Black-Scholes and
binomial models. These papers also discussed an imperfect hedging approach, i. e. mean
variance or quantile (efficient) hedging (see [11]-[12]).

The present paper recasts in this financial framework the model of the price process
proposed in [23]-[24]. This model is based on (inhomogeneous) telegraph process [14],
which is a continuous time random motion with constant velocities alternating at inde-
pendent and exponentially distributed time intervals. We assume the log-price of risky
asset follows this process with jumps at the times of trend changes. This approach looks
rather natural. Moreover the underlying process converges to Brownian motion under
suitable rescaling. However this process is not a Lévy process, so the general option
pricing theory does not work.

The rest of the paper proceeds as follows. Section 2 presents the inhomogeneous
telegraph processes and martingales related to the telegraph evolutions and to the driv-
ing inhomogeneous Poisson process. The jump telegraph model of financial market is
described. Exploiting Girsanov theorem for the telegraph processes with jumps we con-
struct the martingale measure. A fundamental equation for the strategy value is obtained
and the strategy is derived. In Section 3 we derive perfect hedging strategies for standard
call options. The closed formulas for its price are presented. These formulas are analytic
tractable and combine the outlines of the Black-Scholes and Merton formulas. Section 4
describes the basic ideas of quantile hedging. In Section 5 applies these ideas to a pricing
of equity-linked life insurance contracts. Appendix contains the exact formulas for the
distributions of the underlying processes, which are necessary for the call option pricing.

This paper exploits the ideas presented by the author on the 2nd Nordic-Russian Sym-
posium on Stochastic Analysis [22] and continues the author’s previous papers devoted
to the jump telegraph model [23]-[24].
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2. No homogeneous telegraph processes and martin-
gales. Dynamics of the risky asset and the mar-
tingale measure

2.1. Telegraph and Poisson martingales. Measure change

Consider the process o = o(t), t > 0 with values +1 such that
Plo(t+ At) =41 | o(t) = —1) = A_At + o(At),

Plo(t+ At) = —1| o(t) = +1) = Ay At + o(At), At — 0.

Here A_, Ay > 0, and 0(0) = &, where £ is a random variable with two values +1. The
time intervals 7; — 7;_1, j =1, 2, ... (10 = 0), separated by instants 7;, j =1, 2, ... of
value changes are independent and independent of ¢ random variables. Denote by N(t)
the number of value changes of ¢ in time ¢, i. e. o(t) = &(—1)N®,

Let c_ < cq, h—, hy be real numbers. We denote

V(t) = o, X() = [ V(s)ds (2.1)
and N
J(t) = Z o(r,—y, t > 0. (2.2)

The process N = N(t), t > 0 is an inhomogeneous Poisson process with alternating
parameters A.. The process (X, V') is called the (inhomogeneous) telegraph process with
states (c—, A\_) and (cy, Ay). The process J = J(t), t > 0 is a pure jump process with
jumps at the Poisson times 7;, j = 1, 2, .... For A_ = A, and —c_ = c; = c the
processes V = &e(—1)V® and X = &c fj(—1)V®)ds, t > 0 are well known [13], [14]-[15]
and they are called the telegraph and integrated telegraph processes respectively. It is
known also, that if A, ¢ — oo and ¢?/\ — 1, then the process X (t) converges to the
standard Brownian motion. The inhomogeneous process is less known (see [3|, where the
exact distributions of inhomogeneous X (¢) are calculated).

Remark 2.1. Let X = X (t) and X = X(t), t > 0 be telegraph processes with states
(cx, Ax) and (¢x, Ay)respectively, governed by the common Poisson process N = N(t).
Then

X(t) = aX(t) + 0t (2.3)
with ~ ~
a:a5:70+_c_, b:b5:C+c G (24)
Cy — C_ Cy — C_

Notice that c,az + bz = ¢,, 0 = 1.
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To construct related martingales we have the following theorem.

Theorem 2.1. Let (X, V) be the telegraph process with states (cy, Ai) and (c—, A\_),
defined in (2.1), and J be the pure jump process, defined in (2.2). Then X + J is a
martingale if and only if \ph, = —c,, o= +£1.

In particular case Ay = X\, hy = h, cx = c the theorem evidently follows from
the martingale property of N(t) — At, ¢ > 0. The general proof follows from the exact
representation of expectations E(J(t) | Fs) and E X (¢) | Fs):

1 — e—A(t—s)
E(J(t) | 75) = J(s) + vH(t = 8) + Aotg————,
1 — e—A(t—s)
E(X(1) | F) = X(5) + g(t = ) + Aoty ——, o =1,

Hete H = ho + hy, A = Ao+ Ay, v = 2535, g = =t g = Aoheshoohee

A A A 7
dy = ““5==, 0 = 0(s). See details in [24].

Fix time horizon T. Let

dP;
=L =&(X*+J, 0<t<T (2.5)
dP,

be the density of new measure P* relative to P. Here X* is the telegraph process with

Z(t)

N(@)
the states (¢}, Ax) and J* = — 3 ¢}, _)/As(r;—) is the pure jump process with the
j=1

jump values h: = —ci/\, > —1, 0 = £1. Both processes are driven by the same
inhomogeneous Poisson process N. & (-) denotes the stochastic exponential.
From (2.5) we obtain

Z(t) =X Wr*(1), (2.6)
where k*(t) = [T (1 + AJ*(s)) and AJ*(s) = J*(s) — J*(s—).
s<t
Let us consider the sequence x;>?, which is defined as follows
k7 =k 7 (1+h), n>1, k' =1, o0 ==+1. (2.7)
Thus if n = 2k,
ky” = (L4 hp) (L +h7,)", (2:8)
and if n =2k + 1,
fn” = (L4 hy) 1+ h,)F, (2.9)

Therefore £*(t) = ry{;), Where o = £1 indicates the initial direction.
The following theorem replaces the Girsanov theorem in this framework.

Theorem 2.2. [24] Under the probability P* with density Z(t) relative to P, process N =
N(t), t > 0 is again the Poisson process with intensities \* = A_ —c* = A_(1+h*) and
No=Adp = =M (14 h7).

Under the probability P* process X = X (t), 0 <t < T is the telegraph process with
the states (c_, \*) and (cq, A%).
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2.2. Dynamics of the risky asset and the martingale measure

We assume the bond price
¢
Bl)='®, v = /rg(s)ds, r oy >0, (2.10)
0

To introduce the price process for a risky asset let X = X (t), ¢ > 0 be the telegraph
process with the states (c_, A_) and (¢y, Ay), cx > c_and J = J(t) = Jg) ho(z;—y, hs >
-1 -
We assume the price of risky asset follows the equation
dS(t) = S(t—)d(X(t)+ J(t)), t > 0. (2.11)

Here the process S(t), t > 0 is right-continuous.
Integrating (2.11) we obtain

S(t) = So& (X +J) = See*Wk(t), (2.12)

where Sy = S(0) and
r(t) = TL(1+AJ(s)) = K-

s<t
The sequence 7, n > 0 is defined in (2.7)-(2.9) (with hy instead of hY).
We assume the following restrictions to the parameters of the model

>0, o==+1 (2.13)

Since the process N is the unique source of randomness,
it is possible the only one martingale measure.

Theorem 2.3. Let Z(t) = &(X* + J*), t > 0 with hl = —ci/\, be the density of
probability P* relative to P.
The process (B(t)™1S(t))i>0 is the P*-martingale if and only if

Co— T
=M + -2, =41
o hy g

Under the probability P* the Poisson process N is driven by the parameters

> 0, o==1.

Proof. First notice that by Theorem 2.2 X (t) — Y'(¢) is the telegraph process (with
respect to P*) with the states (¢, — ry, Ay — ¢),0 = £1. From Theorem 2.1 it follows
that X (t) — Y (¢t) + J(¢t), t > 0 is the P*-martingale, if and only if

(Ao — o )he = —(co — 15).

Hence ¢& = A\, + (¢co — 75)/he and bl = —ci /Ay = =14 (15 — ¢5)/Aoho. Theorem is

proved.
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Remark 2.2. From condition (2.13) it follows b > —1 and N = N\, — ¢ = (1, —
¢o)/he >0, 0 = x1. Therefore Z = Z(t) = E(X* + J*) really defines the density of new
probability measure.

2.3. Fundamental equation. Predictability of the strategy

Consider the function
F(t, v, 0) = E [e T f(ae T R(T - 1))|¢ = 0],

c==41, 0<t<T,

where E* denotes the expectation with respect to martingale measure P*, which is defined
in Theorem 2.3. The density Z(t) of P* relative to P is defined in (2.6)-(2.9). Function
F,=F(t, S(t), o(t)) = ¢:S(t) + ¢ B(t) is the strategy value at time ¢ of the option with
the claim f(Sr) at the maturity time 7.

Notice that Y(t) = a, X (t) + bt with a, = %7 b, = % (see Remark 2.1).
Conditioning on the number of jumps we can write

F(t, z, o) =e T Z/ —aY f(zeYk)plo ( T —t)dy, (2.14)

where piﬁ, n > 0 are the probability densities of telegraph process X = X(t), 0 <t < T,

which commences n turns, with respect to martingale measure P*, i. e. for any measurable
set A
P*(X() € A, N(t) = nl¢ = o) = /pg(m, 1)da.
A

First notice that functions pfﬂl(x, t), o = +1 satisfy the equations [24]

ol opl%
’ ot = =Nl Nipl Ty, m> 1 2.15
at +c ax o + ap n— 1 n = ( )

with zero initial conditions: p{%, |,—o= 0, n > 1. Moreover pi?o) (z, t) = e (2 — cot).

Hence function F solves the following difference-differential equation, which plays the
same role as the fundamental equation in the Black-Scholes model. Exploiting equation
(2.15) and the identity c,a, + b, = r,, 0 = £1 (see Remark 2.1) from (2.14) we obtain

OF

oF
E(t’ x, J)+ch%(t, x, o)

=(re + \))F(t, x, 0) — )\je_b’“(T_t) Z / e_“Tyf(ﬁey/fZ)pi;f,)l(y, T —t)dy.

By equalities (2.7) and A} = %= the latter equation takes the form
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O (t2.0) + con o (1.2.0)
5 ,T,0) + CoT e T, 0
— (ry + “’h_ “NPtz,0) — TR 2(1+ hy), —0), 0 = £1 (2.16)

with the terminal condition Fyr = f(z).

Remark 2.3. Note that the above equations do not depend on A+ as the respective equa-
tion in the Black-Scholes model does not depend on the drift parameter.

To identify the self-financing strategy (¢, ¥:), such that Fy = ¢, S(t) + ¢ B(t), 0 <
t < T we have dFy; = dF(t, S(t), o(t)) = ¢:dS(t) + ¢,dB(t). Hence

N(t)
F= Fo+/sas $)AX (s +/wsdB )+ 3 ooy S(r)

From the identity ¢, = B(t)"'(F; — ¢:S(t)) we obtain
¢
F0+/ o Fuds (2.17)
0

t N(t)

+ / QOSS(S)(CU(S) - Ta(s))ds + Z SOTj ho(Tj—)S<Tj_)'

0 g=1

On the other hand

F, = Fy +/g(S,S(s),a(s))dst/gi(s,S(s),a(s))S(s)ca(S)ds (2.18)

+ Z TP FT]
Comparing the latter two equatlons we have between jumps

St)eoty5e + G = Tots F

SD =
t St)(Ca) = To(s))
From the fundamental equation (2.16) it follows that (between the jumps)

F(t, SO+ how), —o(t)) = F(t,S5(),0(t))

oy = (”S(t>h . (2.19)
o(t)

Moreover, from (2.17) and (2.18) we obtain the jump values of ¢

o = Fry — B F(13,5(n),0(7)) = F(75,5(75-), —o(73)). (2.20)
S(15=)ho(r;-) S(75=)ho(r;-)

Formulas (2.19)-(2.20) remind the CRR and BS-formulas for the amounts of risky
asset held over the time.
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Lemma 2.1. The strategy ¢, 0 <t < T is left-continuous.

Proof. To prove ¢, _ = ¢, first notice that by (2.12)
S(1j=)(1 + ho(r,—)) = S(75). (2.21)

Applying (2.21) to (2.19)-(2.20) it is easy to finish the proof.

3. Perfect hedging. Pricing a standard call

In the framework of the market model (2.10), (2.11)-(2.12)
the price of the option with contingent claim f can be expressed as follows

c=¢" =EL(B Z EX(B(T)"'f | N(T) = n)x)(T), (3.1)

o= *1.

Here E}(-) is the expectation with respect to the martingale measure P*, m(fy%(T ) =
P.(N(T) = n), n > 0 and o indicates the initial state. If A* = A% := A, then
NT) = OO 6=\T In general case \* # A% probabilities mNT), 0 = +1, n >0
are calculated in Appendix.

For the standard call option with contingent claim f = (S(7) — K)* we rewrite (3.1)

in the form

=Y e (K, T) (3.2)
with
cn(K, T) = SoUl (y = b9, T) — Kul(y — b\, T), (3.3)

where y = In K/Sy and b°) = In k%?. Here functions u(”) and U{"), n > 0 are defined as
follows:

ul? (y, 1) =ul?(y, t; AL, cx, 1) = E |:B<t)711{X(t)>y, N(t):n}} (3.4)
— e’brt/ ~Tpl)(z, t)dx
Y

with a, = %7= and b, = S7="C=r

Uy, t)=Uy, t; Mo, cxy 74)

= E; (B '&(X + Nx@ysy | N(t) =n) 7l7() (3.5)

— m:f’e_bﬁ/ “’““’”pffg(x, t)dx
y
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Functions u{”) (y, t), n > 1 satisfy the equation (see (2.15))

oul?) oul?)
n * o) —0)
at (ya t) Co 8y (ya ) ()\a' T’U)Un (y7 ) A0 n—1 (ya ) (36)

with initial conditions u{”) |;—o= 0, n > 1. Functions u{”), n > 1 are assumed to be
continuous and piece-wise continuously differentiable.

It is plain, that uéa) (y,t) = e~ QeF7o1)(c, t —y), o0 = £1. Moreover ul”) = 0, if y > c .,
and for y < c_t,

WD) =00 = [ e, (37)
In the latter case system (3.6) has the form
dplo)
b= (N D+ X L (38)

P(()U) — e~ (A5+r0)t gnd pgr) limo=10, n>1, o ==l
As it is demonstrated in Appendix the solution of (3.8) can be written in the form

(1) = e STIATIPO(), 0 = £1, n >0,
where A = Al tD/2X\21 and functions P{) are defined as follows:

P = et P =1,
(3.9)

o)
PO = PO(0) =15 L+ & Gl 508 o= 1 >

Here
mi) = [n/2], m{?) = [(n—1)/2],

(Mg =m(m+1) ... (m+k=1), a=\, =\ +rp—r.

Notice that AS;) = A2n = Aoy, Pinl P2(1;)Ll = Popia-
To write down u(?) = u(?)(y, t) for c_t <y < c,t let us define coefficients Brj, J <k:

Bro = Bei = Brk—2 = Brr—1 = 1,
k=)
By = B D 5 /‘72)][!3 A (3.10)

Let functions ¢y, are defined as follows: ¢q,, = Ps,+1 and

Zak I B Poy_j 1<k <n. (3.11)
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For p, ¢ > 0 we denote v((f) =0, v(()ﬂ =e %, v@ = Pi(p), o =+1 and for n > 1

Uikt = b (0 @) = Ponia (0) + X frokn(0),
Ty
g

vs,) =05 (p, ) = P (p) + Z Prs1,n (D), (3.12)
viy) = vt (p, 9) = Pa(p) + k;mokfl,nfl(p),

Theorem 3.1. The solution of system (3.6) has the form

0, y> cit,
W =3 w(p, q), ct<y<cit, o=+l (3.13)
D), y<cet,

where w(®) = e~ AAr)a=OiArIpA(@)y(0) (), gy 9 = Eftc ,q = % This solution is
unique.

The proof see in Appendix.

Remark 3.1. If \* = X2 =\, rp. =r_ =71, then P9 =L 7l0) =7, = (AD™ =Xt

nl? 'n
gv) — e_”m(t) and g, = 2(2)—k+1- Moreover

(o)

o 1 n n—
o) = — Z<k>q’“p F

!
n =

Remark 3.2. By definition function ué_) 1s discontinuous at ¢ = 0 and uéﬂ has the
discontinuity at p = 0. It is easy to see that functions u{?), n > 1, defined in (3.13),
are continuous. We can show that ugf), n > 2 are continuously differentiable, but it is a
bit tricky. The points of possible discontinuity of derivatives are concentrated on the lines
p=0 and ¢g = 0. For example for ugo), o = *+1 we have

(o) (o)
aul ‘ _aul ‘ _ /\*e—()\i+r+)p
dq 'a=+0 0q '¢=-0 o
and (o) (o)
aul aul -\ ef()\i+r+)q.

Moreover, using (3.13) it is possible to proof that u{®) € C"'.

Similarly, functions U{®) = U®)(y, t), n > 1 fit the equation

Bt et = = (A 4 7 — ) UL+ NS (1+ o) UpZT. (3.14)
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For \; = =%z (see Theorem 2.3) it follows that \5(1 4 h,) = As + 75 — ¢; = A,

Therefore quation (3.14) the same form as (3.6) with )\, instead of A%, r» = 0 and
U = e M0(cyt — ).
Hence
Uy, t; N, cx, m2) =uD(y, t; Ax, cx, 0). (3.15)

Exploiting (3.2)-(3.3) we can consider the following particular cases in details.

1. Merton model !.

Assume that r_ =r, =r, ¢. = ¢y =¢, h. = hy, = —h, \A_ = Xy = A. Then
equation (2.11) has the form

dS(t) = S(t—)(cdt — hdN(t)),

where N = N(t), t > 0is the (homogeneous) Poisson process with parameter A > 0.
From call option pricing formula (3.2)-(3.3) we obtain

c=SU(InK/Sy, T) — Ku(lnK/Sy, T). (3.16)

If0<h<1andc>r,then b =b, =nln(l —h) | —oo and

nQ
u=u(lnK/Sy, T)=e""> ) (In(K/Sp) — by, T)
n=0

=e "TP,(N(T) < ng) =e "W, (\T).

Here \* = (¢ —7)/h >0 and ¥, (2) =e* % Z.. Function U has the form

n=0

Uly, T) = U,y (N (1 = h)T).
For h < 0and c<r,i. e b9 =nln(l —h) T +o0, we have
u(y, T)=e (1= 0y (A7),
Uly, T) =1—,,(\*(1 = h)T).

By ng we denote

In(K/Sp) — T
ng = inf{n : Sye"MMHEIT S B(T) LK} = [“( /S0) — ¢ ]

In(1 —h)

IThis model is called the Merton model (see [17], [18]), but [18] contains the reference to [8]. See also
[9]-
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2. If (1+h_)(1+hy) <1, thenIn(1+h_)+In(1+hy) <0 and b9 — —oco. The call
option price is given by the same formula (3.16) with

(@) (@)
Wy, T)= S AT Y b T e r),
k=0 fen@ 41
and from (3.15) it follows
Uy, T)=u"(y, T; A, cx, 0), (3.17)
y =In K/S.

Here
n'”) = min {n Dy — b > C_T} ,

nSf) = min {n Dy — b9 > C+T} .

3. If(1+h_)(1+hy)>1,thenIn(1+h_)+In(1+hy) > 0 and b”) — +o0. Denoting

m'” = max {n C oy — b > c_T} ,

me) = max {n Cy =07 > C+T} ;

we obtain the call option price formula of the form (3.16) with

u(y, T) = Dy =07, T N ew, )+ S pOAT).
k=m(®) k=m'7) 41

For U (y, T) we again apply (3.17).

4. Quantile hedging

The strategy (¢¢, 1) is called admissable, if Fy = ¢;S(t) + ¢, B(t) > 0 for all t € [0, T7.
The set of successful hedging for the claim f and the admissible strategy (¢, 1) with the
initial capital v is

A=A, ¢, f)={w : B(T)'Fr > f}.

In the case of the perfect hedging P(A) = 1, which requires the initial capital Vj =
E*B(T)~'f. The problem of quantile hedging maximizes probability of A under the

budget restriction, i. e.
P(A(v, ¢, f)) — max
(4.1)
v<wvy <ES(B(T)'f) =c",
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where vy is the initial capital of the investor. It is known (see [11]) that (4.1) is equivalent
to the following optimization problem

P(A) — max,
(4.2)
E; (B(T)™'f-14) <v.

Let A = A, is the solution of (4.2). The perfect hedge ¢ with initial capital v for the
claim f = f - 1; is the solution of (4.1) and its set of successful hedging A = A(v, ¢, f)
coincides with A.

Moreover the structure of the set A is

. P
A= d—va-f , 7 = const, v > 0. (4.3)
d P,

Using (2.5)-(2.6) and (2.3)-(2.4) we have

d P’ .
T _ gT(X* + J*> _ 6X (T)/i*(T) _ eaX(T)+lei*<T),
dPr
where a = zi:z: and b = ”Z;:Z:C* Hence the set of successful hedging A can be

represented as o
A=A = {emXD > e!i/(T) - £}

For the standard call option with f = (S(T) — K)* = (SOeX(T)F;(T) — K)+ the set A
has the form

A= {e_aX(T) > e k(T (SoeX(T)/{(T) - K)+} = | | A,
n=0

where .
A = {e—aX(T) > gt bl (SMZGX(T) B K)

n

CN(T) = n}
In the case —a < 1 the sets A,, have the form
A, =A{X(T) < yn, N(T)=n}.

Here y, = yn(7) = In z, — b, where b{") = In k(") = 2, = 2,(7) is the unique solution of
algebraic equation
2 = yrh (k9) % (Spz — K)T. (4.4)
It is clear that 1, = y,(y) decreases in v and g, > In K/Sy — b{?).
To find the constant v we have the equation

o0

v="5 > [UDy—b, T) = U (ya, T)]

n=0

KX [ulf(y = b, T) = ul (g, T)], (4.5)
n=0
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where u{”) and U, n > 0, ¢ = 41 are defined in (3.3)-(3.4), y = InK/Sy,. For
Vo € (0, ¢(K, T)) this equation has the unique solution v = y(v), because of monotonicity

of yn = yn(7).
The solution of the quantile hedging problem is

1) =Y P(A,) =1~ 2wl (): 5 Ass s, 0) (4.6)
Example
Let Ay = A\ =55 " —+ = == It means that initially the distribution of discounted

asset price is the martlngale with homogeneous governing Poisson process. Hence y,, =
In B p@) g = b = 0 and equation (4.5) for v = y(v) has the form

So n

1
= C(K7 T) _C<K+ 1/77 T) - ;U,(a)(K—l— 1/77 T)7

where u(?) (2, T) = Z ) (z—y ) T, ul®) n >0 aredefined in (3.13). The probability

n

of successful hedglng equals to

P(A) =P, (S(T) < K +1/7)

K4
=1 Z:Ou%) (h’lSO/fy, T; )\i7 Ct, 0)7 Py:’y(’U)?

where u(”), n > 0 are defined in (3.13) with A} = Ay and ry = 0.

Let —a > 1. Then we have

1)

where z{ 2)

Here y{V) = Inz(Y — b and 3 = 1In 2 — bl° and z(?) are the solutions of
(4.4).

The equation for ~ has the form

n 7

v="S5 [Unly =0, T) = Uu (), T)+ U (y?, T)]

K [unly = b, T) = ua(yD, T) +un (52, T)]

and the solution of quantile hedging problem is

oo

P(fl) =1- Z [un(yq(ll), T; Ay, cq, 0) — un(yﬁf), T, Mi, cx, 0)} . (4.7)

n=0



Abril 2005 NIKITA RATANOV 17

The dual problem
v — min
(4.8)
P(A(v, ¢, f))21—¢

minimizes the initial capital under fixed risk level. It can be solved as follows. Using (4.6)
and (4.7) we can find ~ from the equation P(AY) =1 —¢, i. e.

S (Wa(y), Ti Asy ez, 0)=¢  (for —a<1), (4.9)
n=0
> [ (), Ty Ass ex, 0) = a4 (), T Ass ex, 0)] = (4.10)
n=0
(for —a>1),

where ¥, = Inz, — b°) and z, = 2,(7), n > 0 solve equation (4.4). The set of successful

hedging A is now defined and the optimal strategy is the perfect hedge of the claim f-1 ;.

5. Application to equity-linked insurance
contracts

Insurance company supplies a life insurance contract with future payment f. The size of
payment depends on the evolution of risky asset during the contract period [0, T]. In the
“pure endowment” framework the payment is exercised when the client is still alive an
time T'.

Denote by T'(x) the remaining life time of a policy holder, who is currently of age x.
Then the future payment is f - 1yp@)>ry. We can put .p, = P(T(z) > T). Hence the
premium

e =E"[B(T) ' f  Lrsmy| =, pa B [B(ID) 7], (5.1)

where for the standard call option f = (S(T) — K)" or the for standard pure endowment
with guarantee life insurance contract f = max (S(T), K) = K + (S(T) — K)".

This premium ¢, is less than corresponding fair option price E* [B(T)~! f]. Hence,
the perfect hedge is impossible, but we can apply the quantile hedging. For a call option
with f = (S(T) — K)" the initial capital is .c, =,.p, - ¢(K, T).

The maximal set of successful hedging A with initial capital vg =, < ¢(K, T) can
be constructed as the solution of problem (4.2).

Determining the actuarial parameter _.p, from suitable life table [4] we can construct
the corresponding maximal set of successful hedging A and the strategy ¢ as the perfect
hedge for the contingent claim f -1 ;.

On the other hand, with the certain risk level ¢, 0 < e < 1

1—e=P(A).
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From (4.9)-(4.10) it yields to the certain value of v and so, to the certain value of ,.p, and
thus to initial capital .c, =_.c.(7).

So a risk manager has a choice. Using a life table he (she) can choose an appropri-
ated initial capital ,.c, or in accordance with a given risk level she (he) can choose an
appropriate age x and a contract period T

6. Appendix

As it follows from (2.15), functions

Pl = pl9)(t) = EX (B(t)il]-{N(t):n})
ot [ e, fdr, 120, 0= +1, 0> 1
satisfy the system
P = NplT = (O ) plh) (6.1)
; = A — (A o))

with p{’)(t) = e~ X5+t >0, ¢ >0, 0 = +1 and p2) |,_g=0, n > 1. Here p(¥) = 92u”
For A* = A* = X and rx = 0 the solution is well known: p)(t) = m,(t) = P(N(t) =

n
_ A" Xt
n) = “Si-e .

Generally, we imply the following change of variables
(D) = oA P 1)
with A@ = (A FD/2(X_)[/2 I these notations we have Py (t) = e, a = (A} +
ry)— (A 4r); Pé_)(t) =1; P®) |;_o= 0, n > 1 and the system

5(+ +) — p= )
{].Dn tab i =ha s, (6.2)

plE) — dp?
no—dt
The latter system has the following solution

(£) 2l

P2n+1 P2n+1 (2n+1

(n+1)...(n+k) (—at)*
L+ Z 2n+2) CnikrD) R ]v

Pz(,;) _ $2n |:1 _|_ Z nn+1 n+k 1) . ( at)

(2n)! 2n+1) .(2n+k) k! ) (63)

(+) £2n (n+1)...(n+k)  (—at)*
P2n (2n [1 + Z 2n+1 2n+k) k! :| '
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Remark 6.1. Formulas (6.3) can be expressed by hypergeometric function [1]:

tn
o 1F1(m£f) +1; n+1; —at), mgf) = [n/2], mgl_) =[(n—-1)/2].

PO =
Hypergeometric function 1 Fy(a; ; z) is defined as follows (see e. g. [2], formula (1.6))

AP - latn—1) . 4 s~ (@ g
1Fi(a; B; 2 1+Z 15ﬁ+1) (ﬁ+n—1)z _1+;m

As well, using (6.3) it easy to check that PQ(n) PQ(H = aPy,i1, n > 0.

To obtain
u(y, ) =5 (B() ™ x>y, N)=n})

cpt—y y—c—t

we apply the change of variabless p = e 4= o and

u’gla) = e ()‘* +T'+)q ()‘ +r— pA(U /U U) (p’ q)
to equation (3.6).

Evidently, u(?)(y, t) = 0, if p < 0, and u{?(y, t) = p\?)(t), if ¢ < 0. For p, ¢ > 0 we
have the system

av(+1) _1)
5q = Un-1>
, n>1 (6.4)
ou Y _(+1)
op Up—1
with
0" = m0p), w = e"0(=q), v peo=0
and

vﬁf) lg<0= eaqP,(L") (p+q). (6.5)

Here a = (A +ry) — (A" +r_) and P\"), n >0, o = £1 are defined in (6.3).
It is plain to check that the exact representation of the solution of (6.4) for p, ¢ > 0
has the form

+ nook
Uén—)&-l = Vony1 = Popia(p) + g_:l %@k,n(p),
noo ok
Uén) P2(n )( ) + kzl %@k—l,n—l(p)a

n—1 ,
n P2n ( ) + kgl %Spk-Fl,n(p)a

Uz
where 0o, = Pony1, P10 = P, and
Soz?n = Spk—l,n—la 1 S k S n. (66>

Proposition 6.1. The solution of system (6.6) has the form (3.11):
k=1
Pk = 2 akijilﬂkz,jPQ_n_j-

J=0
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Proof. Indeed, from (3.11) and (6.2) it follows
el -
%,n = Z a 7jilﬁk,jp2nfjfl'
5=0

By the identities Péﬁrl = P2(;)r1 and PQ(; ) PQ(; ) = aPs,i1, n > 0 (see Remark 6.1) we
have

/o k—j—1
Pl = Z a B Pon—j—1
7=>0, j is even
k—j—1 (=) k—j
+ Y APy~ Y d B Py
j7>0, j is odd 7>0, j is odd

To complete the proof it is sufficient to apply the following identities Bk 2m+1 = Bi—1.2m, Br.2m—
Br2m+1 = Br—12m—1, which are evident from the definition of f,, (see (3.10)).
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